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ABSTRACT

The efficacy of mathematical models heavily depends on the quality of the training data, yet collecting sufficient data is often expensive and
challenging. Many modeling applications require inferring parameters only as a means to predict other quantities of interest (Qol). Because
models often contain many unidentifiable (sloppy) parameters, Qols often depend on a relatively small number of parameter combinations.
Therefore, we introduce an information-matching criterion based on the Fisher information matrix to select the most informative training
data from a candidate pool. This method ensures that the selected data contain sufficient information to learn only those parameters that are
needed to constrain downstream Qols. It is formulated as a convex optimization problem, making it scalable to large models and datasets.
We demonstrate the effectiveness of this approach across various modeling problems in diverse scientific fields, including power systems and
underwater acoustics. Finally, we use information-matching as a query function within an active learning (AL) loop for materials science
applications. In all these applications, we find that a relatively small set of optimal training data can provide the necessary information for
achieving precise predictions. These results are encouraging for diverse future applications, particularly AL in large machine-learning models.
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A model’s predictive performance depends strongly on the qual-
ity and quantity of data available for training. Curating comprehensive
datasets, however, often confronts practical constraints, including
instrumentation, available resources, and cost. Optimal experimental
design (OED)' and active learning (AL)* emerge as practical data col-
lection strategies. Intentionally designing maximally informative
experiments guarantees that data are most informative relative to the
underlying phenomena of interest, minimizes costs, and meets opera-
tional requirements. These methodologies have broad applications
across scientific domains, including sensor placement problems in
power systems’ ° and underwater acoustics,” "~ the development of
accurate interatomic potentials in materials science,”" '’ and many
other scientific fields.'” '

Many OED criteria utilize the Fisher information matrix (FIM),
whose inverse establishes a lower bound on parameter covariance,
known as the Cramér-Rao bound.” ** Common approaches optimize

parameter precision through the FIM, for example, by minimizing its
trace (A-optimality),”” ”’ maximizing its determinant (D-optimal-
ity),'>”*” or maximizing the smallest eigenvalues (E-optimality).”” '

However, many applications of predictive models do not require
precise parameter estimates per se but accurate predictions for key
quantities of interest (Qols).'*"*** This distinction is well illustrated
by sloppy models, where many parameter combinations are practically
unidentifiable yet still yield precise predictions.’® ** Such models typi-
cally have only a few stiff, identifiable directions, while the rest are
sloppy and poorly constrained. Furthermore, the parameters that are
identifiable from the training data may not align with those most rel-
evant for predicting Qols. Precise predictions are still possible when
these Qol-relevant directions fall within the identifiable subspace;
however, if they do not, the resulting uncertainty may be large or
even divergent, regardless of how well some parameters are
constrained."’
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Furthermore, sloppy models exhibit a characteristic information
spectrum, where FIM eigenvalues are nearly uniformly spaced on a log
scale over many orders of magnitude. Many eigenvalues are smaller
than the model’s evaluation precision, rendering the aforementioned
OED criteria sensitive to numerical noise.

Motivated by these considerations, we develop an information-
matching method for OED that prioritizes the precision of predictions
for the Qols. This approach uses a model parameterized by 0 in two
key scenarios: training, f, and prediction, g (see Fig. 1). Given a dataset
of M independent inputs {x,,} and their corresponding ground
truth labels {pm}ﬁf:l, we first use f(0;x,,) to train the parameters
against the data {X,,, p,, }. Then, we use the trained parameters to pre-
dict the Qols q corresponding to the input y through the mapping
£(0;y). In this scenario, y may act as an input, similar to x,,, as a con-
trol parameter for the Qols, or as a discrete index to distinguish
between different Qol values. The information-matching method lev-
erages both scenarios to identify the minimal subset of training data
that contains the information necessary to precisely constrain the
parameters relevant to Qols. Given a target precision for Qols, our
strategy is to align the FIM for the training data with that of the Qols,
ensuring the training data carry the information needed to constrain
the predictions precisely. Thus, only the parameter combinations that
need to be identified are trained, bypassing numerical stability issues in
cases where the FIM:s are ill-conditioned.

The FIM is defined as the expectation value of the Hessian of the
log-likelihood over the probability of the labels. For weighted least
squares, by far the most common regression scenario, the negative log-
likelihood is (up to an additive constant)

1 M
€(6) =52wmllpm — f(6:%)I13, 1)
m=1

where the weight w,, is the inverse variance of the label p,,, ie.,
Wy = 1/02,. As shown in the supplementary material, the FIM for the
training scenario is given by

Z0) =Y waZu(0), Zu(0)=Jf(0:%,)]f(0;%n), ()

Dataset

Best fit model/
L parameters

Parameters Qols
4
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where Z,, and J;(0;x,,) are the FIM and the Jacobian matrix of
f(0;x,,) with respect to the parameters 6 corresponding to the mth
datum, respectively.”® This equation highlights a generic, fundamental
property of the FIM: that the expected information in the entire train-
ing data is the sum of information from each independent datum.

Notably, the FIM denotes the expected information over the
probability of the labels and does not depend on the observed label
value p,,. This property means the FIM can be evaluated for any
model predictions, including downstream applications for which
ground truth labels are not available, and accounts for its broad appeal
in OED. The FIM then quantifies how much information about the
model parameters is required to achieve a target precision. We denote
the target precision of the Qols q by the covariance matrix X; the FIM
for the Qols is given as

T(0) =Jg (0)7'Jg(0), ®3)

where Jg (0) is the Jacobian matrix of the proxy g(0;y) with respect to
the parameters 6.

The information-matching method leverages the FIMs of both
the training data and Qols [Eqgs. (2) and (3), respectively] to guarantee
that the information in the training data is sufficient to achieve the tar-
get precision in the Qols. To select the minimal set of training data
that achieves this minimal information bound, we solve the following

convex problem for the weight vectorw = [w;  w, ... wy]':
minimize [[w]],
subject to Wy >0,

M (4)
= ZwmIm =J.
m=1

We conjecture that for many practical problems, the key information
required for precise predictions is contained in a few key data points;
therefore, we design the objective function to minimize the ¢, -norm of
the weight vector to encourage sparse solutions. The nonzero weights
identify the most important data and the precision with which the
labels must be measured to ensure the target precision in the Qols.

The matrix inequality constraint in Eq. (4) is crucial for ensuring
the target precision on the Qols. Formally, it means that the difference

Optimal data- | |

Target precision for Qol

induced uncertainty ——

FIG. 1. Relationship between training data (left), model parameters (middle), and Qols (right) in the information-matching framework. One first selects the target precision for
the Qols (blue envelope in the right panel). This Qol precision induces a minimal confidence region in parameter space (blue ellipse in the middle panel). The information-
matching criterion selects training data and target precision (orange envelope in the left panel) such that the resulting parameter uncertainty (orange ellipse in the middle panel)
is more restrictive than that induced by the Qols. Propagating the parameter uncertainty to the Qols gives predictions that are at least as precise as the original target (orange
envelope in the right panel). This relationship holds even if the target uncertainties were divergent for certain Qols (dashed blue curves in the right panel), resulting in the target
parameter confidence diverging for some parameter combinations (dashed blue ellipse in the middle panel, extending in some directions).
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T — J is positive semidefinite. Intuitively, it indicates that fitting the
down-selected data results in smaller parameter variance compared to
fitting the Qols directly, as illustrated in Fig. 1. Theorem 1 formalizes
this statement (proof in the supplementary material).

Theorem 1. Let g(0;y) denote a mapping from the model param-
eters 0 to the Qols for input'y that is analytic at 0y = (0),, where (-),
denotes an expectation value over the distribution of parameters.
Consider parameters of the form 0 = 0y + €50. If the constraints in
Eq. (4) are satisfied, then

Cov(g) < T+ 0(), (5)

where X is the target covariance of the Qols.

Theorem 1 states that the uncertainties of the Qols propagated
from the optimal training data [Cov(g)] are within the predefined tar-
get uncertainties (X), up to third order in e. The information-
matching method is unique in that it simultaneously aims to minimize
data usage while ensuring adequate information for precise predic-
tions. In contrast, the previously mentioned OED criteria (A-, D-,
and E-optimality) only prioritize reducing some measure of
parameter variance. By minimizing the number of data points, the
information-matching approach not only enhances efficiency but also
improves model interpretability by focusing the analysis on only the
most critical training data.

We first demonstrate the information-matching method for opti-
mally placing sensors (Phasor Measurement Unit, or PMU) in a power
system network. The goal is to use a few strategically placed PMUs to
infer the complex-valued voltages (system states) at every bus. A PMU
placed on a bus measures the bus voltage and currents in adjoining
branches, synchronized with GPS time stamps. By measuring voltages
and currents, it is possible to achieve full-state observability without
requiring PMUs at every bus.

We use the IEEE 39-bus system,”' represented graphically in
Fig. 2, as a benchmark. Nodes denote buses, and edges represent trans-
mission lines and transformers.” The parameters @ to be inferred are
the system states (voltage magnitude and angle), and f represents
PMU measurements. Full parameter identifiability implies that the
Qols are the state variables themselves [g(0;y) = 0] and the QoI FIM
is nonsingular. We enforce this condition by setting 7 = AI for some
small / > 0. The information-matching condition implies that 7 is
also nonsingular, and all states are observable. The optimal PMU
placements for this problem are represented as the orange highlighted
buses in Fig. 2. On this initial benchmark test, the information-
matching method naturally selects the same buses identified in previ-
ous studies,”” even without preassigning PMU locations. Furthermore,
this result is broadly consistent with prior findings.”

In practice, the power system analysts model reduced portions of
the full network, focusing on regions under their direct control.
However, these areas are influenced by states outside the target areas,
and identifying an appropriate reduced area equivalent is a challenging
task.””"" We next partition the IEEE 39-bus system into non-
overlapping regions (indicated by red, green, and blue in Fig. 2) and
seek a minimal set of sensors to achieve observability within each
area,”" without regard for states outside it. We implement this by set-
ting the diagonal elements of 7 corresponding to external states to
zero, allowing infinite uncertainties for those states. The optimal PMU
locations for each area are shown in Fig. 2 as buses are highlighted in
different colors based on their respective areas. Notably, there are

ARTICLE pubs.aip.org/aip/apl

Bus Optimal PMU placements
— Transmission for observing
line / [ The entire W Area |
transformer network
A Load I Area 2
@ Generator B Area 3

FIG. 2. The IEEE 39-bus system. Buses are represented by thick black lines, while
transmission lines and transformers are shown as thin lines connecting them.
Loads are depicted as black arrows pointing outward from the buses, and the cir-
cled labels G1 through G10 indicate the generators. Buses highlighted in orange
denote the optimal PMU placements for full observability of the entire network.
Buses highlighted in other colors (red, green, and blue) represent the optimal PMU
placements for partial observability in the corresponding area. Many buses are
double-highlighted with orange and another color, showing overlaps between full
and partial observability. Non-overlapping optimal buses result from unobserved
branches.

overlaps (double-highlighted buses) between optimal PMU placements
for observing the full network and (the union of) three subnetworks,
while non-overlapping locations are a consequence of enforcing
observability for each of the subnetworks separately.

Next, we consider an optimal sensor placement problem in pas-
sive acoustic source localization in the ocean. The objective is to deter-
mine the optimal sensor (sound receiver) locations to infer the
location of sound sources in a shallow ocean. This problem is difficult
because sound propagation depends in complicated ways on unknown
properties of the ocean environment, including the water temperature
and the sediments in the seabed. Traditionally, source localization
requires first estimating the ocean environmental parameters, as is
done in matched-field processing.*” In contrast, information-matching
allows us to learn only those combinations of acoustic parameters that
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are necessary to infer the source location, avoiding full environmental
inversion when it is not required.

We aim to localize two vertically separated sound sources at
depths of 8 and 16m (red speakers) within =2.5m vertically and
+100 m horizontally (Fig. 3). Candidate receivers are arranged in a
rectangular grid (small dots), motivated by common practices of
using vertical and horizontal line arrays for ocean sound measure-
ments.”'*° We use a range-independent normal mode model, called
ORCA," to simulate the sound propagation in the ocean and compute
the transmission loss at 200 Hz for each candidate location illustrated
as small dots in Fig. 3 (details in the supplementary material). The
model parameters @ for simulating sound propagation include the
source and receiver locations, as well as the parameterization of the
ocean environment. The ocean environment is modeled with 75m-
deep water above an ocean floor consisting of a sandy sediment layer
on a half-space basement layer.

To localize the two sources using Eq. (4), the Qol FIM J is a
diagonal matrix, where diagonal elements that correspond to source
locations are set to their inverse target precision, and all other elements
are zero, indicating that only the relevant environmental parameters
for localizing the sources are constrained as needed. The optimal

{ Source Candidate @ Optimal

Depth (m)

Sand Sediment

Basement

0 1 2 3 4 5
Range (km)

-135 -115 -95 -75 -55 -35 -15
Transmission loss (dB re 1 m)

FIG. 3. Source localization in a shallow ocean. Optimal receiver locations for local-
izing two sound sources (red speakers) in a shallow ocean with a sandy seabed
using transmission loss data at 200 Hz. Small dots indicate candidate sites; large
dots are the optimal receiver locations.
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receiver locations are shown as the large dots in Fig. 3, which account
for only 5% of the candidate locations.

The FIM is a local quantity that can vary (sometimes signifi-
cantly) for different parameter values. In the preceding examples, we
assumed a reasonable prior estimate of the models’ parameters (e.g.,
the bus voltage phasor and the ocean environmental parameters),
eliminating the need to recalculate the FIM after fitting with the opti-
mal data. However, parameters often exhibit significant variability in
response to new data, so we need to optimize the parameters alongside
the data. To address this, we extend the OED problem to an active
learning (AL) strategy and use Eq. (4) as a data query function.

ALGORITHM 1 Active learning via information-matching.

1: Initialize:

X — {xn}¥ | > Candidate input data

P — empty(M) > To store labels
wOP — zeros(M) > To store optimal weights
0, — 0 > Initial parameters

2: while True do
3 Compute 7 (6y) using Eq. (3)

4 form=1:Mdo

5: Compute Z,,(0y) using Eq. (2)
6: end for

7 w «— Solve Eq. (4)

8
9

woP — {max(w', w,,), Vm =1: M}

: if wP' converge then
10: break
11: else
12: for all {m|w' >0} do
13: p,, — Generate label for x,,
14: end for
15: 0y — argmin, () > Update parameters
16: end if
17: end while

Algorithm 1 outlines the iterative AL process based on informa-
tion-matching. We begin by preparing a pool of candidate inputs X =
{x,}™ | and initializing the parameters to the a priori best estimate
0. The procedure starts by evaluating 7 and Z,, at 6, for all m inputs
and solving Eq. (4) for the weights w. For each datum, we update the
optimal weight by comparing the new optimal value with the current
one, retaining the larger one. This step ensures that the amount of
information in the training data in subsequent iterations is non-
decreasing. Convergence occurs when the change in optimal weights
between subsequent iterations is below some chosen threshold. If not
converged, we generate labels for data with nonzero weights and
update the parameters by minimizing Eq. (1), then iterate.

As an example, we apply this AL algorithm to the development of
interatomic potentials in materials science. Interatomic potentials are
crucial in atomistic simulations, as they approximate the interaction
energy between atoms.”® These potentials are typically trained on
small-scale quantities, e.g., energy and atomic forces obtained from
computationally expensive first-principles calculations,”"” then used
in larger-scale simulations to predict material properties. Despite the
scale discrepancy between training and prediction, the dynamics of
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atoms primarily depend on their local neighborhoods. Thus, our objec-
tive is to identify training data (atomic configurations) that are maxi-
mally informative about the atomic neighborhoods for precise
material predictions.

We apply Algorithm 1 to develop an optimal 15-parameter
Stillinger-Weber (SW) potential for molybdenum disulfide (MoS,) to
precisely predict the energy (E) as a function of lattice parameter (a)
under uniform in-plane strain.”*****>" The predictions are shifted by
E. (the energy at the equilibrium lattice constant ay) to align the mini-
mum with the origin, effectively showing strain-induced energy
changes. The candidate dataset comprises 2000 atomic configuration
snapshots from an ab initio molecular dynamics trajectory at 750K,
each with 96 Mo and 192 S atoms.”””” While this dataset contains
force labels, in practice, the candidate dataset does not need to include
labels; Algorithm 1 generates them on demand for the optimal config-
urations. We choose the target precision to be 10% of the values pre-
dicted by the potential trained on the full dataset.”””” In Fig. 4, we
compare the uncertainties of the Qol obtained from the optimal con-
figurations (red envelope) with the target uncertainty (blue envelope).
Our findings indicate that seven atomic configurations suffice to con-
strain the parameters and achieve the target precision.

While some details of the calculation—the selected configurations,
optimal weights, and optimal parameters—depend on the choice of initial
parameters, these differences do not affect the validity of the final esti-
mated uncertainty. As long as the problem is feasible, the resulting pre-
diction uncertainty estimated by the FIM is guaranteed to be within the
target uncertainty. This dependence on initialization is examined in more
detail in the supplementary material, where we provide numerical exam-
ples based on the SW MoS, model. Additional results for other SW
potentials for silicon are also provided in the supplementary material.

In summary, we have introduced an information-matching
method to identify a minimal set of informative data points to meet
target precision requirements for downstream Qols. We have demon-
strated the versatility of the approach across diverse domains,

44 E Target
I Optimal
—_~ 3-
>
L
W' 24
|
w
1-.
o..

-0.4 -02 00 0.2 0.4
a-—ap (R)

FIG. 4. Uncertainty in the energy (E) of monolayer MoS; vs in-plane lattice parame-
ter (a). Predictions are shifted by the energy E. at the equilibrium lattice constant
ao, aligning the minimum with the origin. The blue envelope is the target uncertainty
(10% of the values predicted by the potential trained on the full dataset). In contrast,
the red envelope shows the uncertainty propagated from the seven optimal training
atomic configurations. Notice that the optimal propagated uncertainty is smaller than
the target uncertainty.
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including power system networks, underwater acoustics, and AL
for interatomic potential development. Unlike classical FIM-based
OED criteria that aim at reducing global parameter uncertainty,
information-matching optimizes a fundamentally different objective: it
matches the information content of the data to the precision required
for the Qols. As a result, only those parameters that influence the Qol
are constrained—and only to the extent needed to satisfy the target
Qol precision—while others may remain unconstrained if they are
irrelevant. This distinction highlights that comparisons with traditional
OED methods must be interpreted carefully, as the two frameworks
prioritize different aspects of the inference problem and therefore tend
to yield different designs. The accompanying theorem additionally for-
malizes this perspective and shows that Qol precision can be con-
trolled without explicitly estimating the full parameter uncertainty.
This approach provides opportunities in settings where full parameter
identifiability is unnecessary or infeasible, such as PMU placement for
partially observable networks or localization of ocean acoustic sources
without environmental inversion. Broader applications are likely in
areas such as biology, neuroscience, geology, and atmospheric science,
where models often contain many weakly identifiable parameters but
well-defined Qols.”

Despite these advantages, successfully solving Eq. (4) depends on
the richness of the initial candidate dataset; if any parameter that is rel-
evant for the Qols cannot be constrained by any of the candidate data-
sets, the optimization is infeasible. Because Eq. (4) is convex,
algorithms will detect when a problem is infeasible. In such a case, it
would be desirable to augment the candidate datasets with more infor-
mative candidates. Identifying such additional data points to achieve
feasibility remains an open, problem-dependent question. Our current
practical approach is to generate large and diverse candidate datasets.
This can often be done quickly and cheaply. For example, in inter-
atomic potential development, many atomic configurations with var-
ied lattice parameters can be generated, while in sensor placement
problems, one may define a fine grid of potential sensor locations.
Because Eq. (4) is convex and scales favorably with problem size, this
approach is practical in many scenarios.

Future work may extend the method to larger models and
machine-learning applications, including machine-learned interatomic
potentials. Investigating the feasibility and potential advantages of such
integration could unlock broader applications and insights. Finally, a
deeper theoretical analysis of the limiting behavior of the optimization
may offer valuable guidance on robustness and further broaden appli-
cability across diverse scientific domains.

See the supplementary material for the mathematical formulation
of the least squares problem and the associated uncertainty quantifica-
tion framework. It also includes a proof of the information-matching
theorem, detailed descriptions of the models used in the example test
cases, and additional results for those models.
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